リーマンゼータ カンスウ ノ ベキキュウスウ テンカイ ニ ツイテ COMPUTER ALGEBRA DESIGN OF ALGORITHMS IMPLEMENTATIONS AND APPLICATIONS by 村上, 弘
Title
リーマンゼータ函数の冪級数展開について (Computer
Algebra : Design of Algorithms, Implementations and
Applications)
Author(s)村上, 弘








DEP. OF MATHEMATICS AND INFORMATION SCIENCES, TOKYO METROPOLITAN UNIVERSITY’
: $\zeta$ .
$\zeta$ Stieltzes Mathematica




$\ s>1$ $\zeta$ $\zeta(s\rangle$ $= \sum_{n=1}^{\infty}1/n^{s}$ $s=1$ $\zeta(s)=1/(s-1)+$
$\sum_{n=\text{ }^{}\infty}(-1)^{n}\gamma_{n}/n!\cdot(s-1)^{n}$ (Laurant ) – Eter (Stieltjes
)[2]: $\gamma_{n}=\lim_{marrow\infty}\{\sum_{k=1}^{m}(\log \mathrm{k})^{n}/\mathrm{k}-(\log \mathrm{m})^{\mathrm{o}+1}/(\mathrm{n}+1)\}\text{ }$ $n=0$ $k=1$ $(\log k)^{n}=1$
$\gamma\text{ }=\gamma$ ( Euler ). $c_{n}=(-1)^{n}\gamma_{\mathfrak{n}}/n!$ . $(1-s)\zeta(s)$ | $|$
$\epsilon>0$ $n$- $0$ $|1/c_{n}|$
n – ( l.
)
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$n=1700$ $\log|\gamma_{n}|$ $\gamma_{n}$ [11]
. [6] $\gamma_{n}$
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Mathematica ( ndigits, $\mathrm{n}\mathrm{m}\mathrm{x}$ ):
Do [ Print $[$ $‘\downarrow \mathrm{c}(*,\mathrm{n},)**"$ .
$\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{F}\mathrm{o}\iota \mathrm{m}[(-1)^{-}\mathrm{n}*\mathrm{N}$ [Stie$\mathrm{l}\mathrm{t}\mathrm{j}\mathrm{e}\mathrm{s}\mathrm{G}\mathrm{a}\mathrm{m}\mathrm{m}\mathrm{a}[\mathrm{n}]/(\mathrm{n}!)$, ndigits ] $))$ , $\{\mathrm{n}, 0, \mathrm{n}\mathrm{m}\mathrm{x}\}1$
$n=1000$ 1000 $n=3000$ 200
CPU Intel Celeron 12 $\mathrm{G}\mathrm{H}\mathrm{z}_{\text{ }}$ 1Gbyte $\mathrm{P}\mathrm{C}$ – $p$ (




$\zeta$ 1/2 . [1] $\mathrm{f}\mathrm{f}\mathrm{i}\epsilon=1/2$
$=1$ – $s=1/(1-t)$ *s $=1$ $t=0$
$\epsilon=1/2$ $t=-1$ $s=\infty$ $t=1$ .
$(s-1) \zeta(s)=1+\sum_{n=\text{ ^{}C_{\hslash}}}^{\infty}(\epsilon-1)^{n+1}$ $s$ $\zeta(s)$ $\log((s-1)\zeta(s))$
$\frac{1}{(\epsilon-1)\zeta(\theta)}$ $F(t)= \frac{t}{1-t}\zeta(\frac{1}{1-l})=1+\sum_{n=\text{ }^{}\infty}c_{n}(\frac{l}{1-l})^{n+1}=1+\sum_{\ell=\text{ }^{}\infty}f_{\ell}t^{\ell+1}$
$F(t)$ $f_{0}=1,f_{\ell+\iota}= \sum_{n=\text{ }^{}\ell}$ $n=\mathrm{n}\mathrm{r}\mathrm{r}\mathrm{u}$
$\ell=nmx$ $f\ell$ $=1,$ $= \cdot\frac{\ell-n}{n+1}$
$\mathrm{R}\epsilon s=1/2$ $\zeta(s)$ $1/F(t)$, $F’(t)/F(t)$ . $\log F(t)$
$t=0$ 1 $1/2<\Re\epsilon$ $\zeta(s)$
\mbox{\boldmath $\delta$} t $|t_{0}|<1$ $1/F(t),$ $F’(t)/F(t),$ $\log F(t)$
1 1
\mbox{\boldmath $\zeta$}(s) s0=\mbox{\boldmath $\sigma$}+i\tau t0
1 .
198
4 $1/F(t)\rangle F’(t)/F(t),$ $\log F(t)$. $1/F(t)$ : $F(t)=1+ \sum_{j>0}f\mathrm{b}]t^{j}$
$\mathrm{w}[0]:=1$ : for $\mathrm{j}:\cdot 1$ to nmx do $\mathrm{w}[\mathrm{j}]:\cdot 0$ :
for $\mathrm{k}:\mathrm{z}0$ to nmx do begin
$\mathrm{h}[\mathrm{k}]:=\mathrm{w}[\mathrm{k}]$ : for $\mathrm{j}:\approx \mathrm{k}+1$ to nmx do $\mathrm{w}[\mathrm{j}]:\cdot \mathrm{w}[\mathrm{j}\mathrm{l}-\mathrm{h}[\mathrm{k}]*\mathrm{f}[\mathrm{j}-\mathrm{k}]$
end
$1/F(t)$ Taylor $1+ \sum_{j>\text{ }}h\mathrm{b}$] $t^{j}$ $nmx$ $h[0]=1,$ $h[1],$ $\cdots,$ $h[nmx]$
$f[0|=1, f[2],$ $\cdots,$ $f[nmx]$
. $F’(t)/F(t)$ : $F(t)=1+ \sum_{j>0}f\beta]t^{j}$
for $\mathrm{j}:\Leftrightarrow 0$ to nmx-l do $\mathrm{w}$ [$] : $\epsilon(\mathrm{j}+1)*\mathrm{f}[\mathrm{j}+1]j$
for $\mathrm{k}:\approx 0$ to nmx do begin
$\mathrm{h}[\mathrm{k}]$ $:=\mathrm{w}[\mathrm{k}]$ : for $\mathrm{j}:\Leftrightarrow \mathrm{k}+1$ to nmx do $\mathrm{w}[\mathrm{j}]$ $:\cdot \mathrm{w}[\mathrm{j}]-\mathrm{h}[\mathrm{k}]*\mathrm{f}$ [j-kl
end
$F’(t)/F(t)$ Taylor $1+ \sum_{j>0}h\mathrm{U}|t^{j}$ nmx-l $h[0]=1,$ $h[1],$ $\cdots$ ,
$h[nmx-1]$ $f[0]=1,$ $f[2|,$ $\cdots,f[nmx|$
. logF(t) : $\text{ }F’(t)/F(t)\text{ }1+\sum_{j>0}h\mathrm{b}]t^{j}\text{ }nmx-1\text{ }$
$h[0]=1,$ $h[1],$ $\cdots,$ $h[nmx-1]$
for $\mathrm{k}:=$ nux downto 1 do $\mathrm{g}[\mathrm{k}]:\cdot \mathrm{h}[\mathrm{k}-1]/\mathrm{k}$:
$\epsilon^{[0]}$ $:\approx 0$
$\log F(t)$ Taylor $\sum_{\mathrm{j}>0}g\mathrm{b}$ ] $t^{j}.\text{ }$ $nmx$ $g[0]=0,$ $g[1],$ $\cdots,g[nmx]$
5
$1/F(t),$ $F’(t)/F(t),$ $\log F(t)$
( 3, 4, 5) (
) .
199
$\text{ }2$ : Coefficients of the Taylor series of $F(t)$ ; NMX$=3000$ .
$\mathrm{o}\mathrm{u}\mathrm{z}\mathrm{o}\vee\iota\dot{\mathrm{u}}\wedge$
$\text{ }3$ : Coefficients of the Taylor seriae of $1/F(t)$ ; NMX$=3000$.
$8\iota L\mathrm{z}\wedge 0\vee$
$\text{ }4$ : Coefficient8 of the Taylor seriae of $F’(t)/F(t)$ ; NMX$=3000$.




. $1/F(t),$ $F’(t)/F(t),$ $\log F(t)$
F(t)
” ’\sim : $F(t)$ $m$
$F_{m}(t)=$ 1+\Sigma $f_{\ell}t^{\ell}$ $|t|<1$ $F(t)$ $t_{1}$
$m$ $|t_{1}|<1$ (z)
$z,(\text{ }<1)$ $|F(z)|$ $z$ l1 .




$F_{m}(t)=0$ $t$ 1 $m$ (t) $=x^{m}+ \sum_{\ell>0}^{m}f_{\ell x^{m-\ell}}=0$






( 6, $\cdots$ , 13)













$.\mathrm{t}$ 5 $0$ 0.5 1
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$0$ : $0$ ::. .. :.... . ... . $\cdot$
5 . . $\cdot$ $4\mathrm{S}$ ... . $\cdot$..... . $\cdot$ .’. . . . . . . . , . . . $\cdot$ . ’ $............,\ldots\ldots,.\ldots...\cdot.\cdot.\cdot$..1 $.\mathrm{t}$
.1 4.5 $0$ 0.5 $|$ $.\mathrm{t}$ $.0S$ $0$ $.0.5$ 1
10. Root8 of $P_{m}=0(m=256)$ . $\text{ }11$ . Root6 of $P_{m}=0(m=512)$ .
1 4.5 $0$ 0.5 1 .1 .0.5 $0$ 0.5 1
$\text{ }12$ . Root8 of $P_{m}=0(m=1024)$ . $\text{ }13$ . Roots of $P_{m}=0(m=2048)$ .
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